bstract. We study unramified sections of the fundamental group sequence of geometrically connected smooth projective curves of genus ě 2 over p-adic fields together with an integral model. We are particularly interested in the induced "specialized" sections of the special fibre and how they relate to homotopy rational points over the residue field. Under mild assumptions, such a specialized section induces a unique homotopy rational point of the special fibre that is compatible with the original section of the generic fibre in cohomological settings. We give two applications of such "specialized" homotopy rational points around the ℓ-adic cycle class of a section.
Introduction
Sections and homotopy rational points. The profinite homotopy type of the spectrum of a field K is weakly equivalent to the classification space BG K of the absolute Galois group of K. Thus, any K-variety X comes equipped with a morphism x EtpXq Ñ x EtpKq » BG K of profinite homotopy types and each K-rational point of X induces a splitting of this morphism. We call any such splitting BG K Ñ x EtpXq in the homotopy category of simplicial profinite sets over BG K (cf. [Qui08] ) a homotopy rational point. See Sect. 1 for a short summary of some basic facts on homotopy rational points.
Say, X is a Kpπ, 1q-space, i.e., the homotopy type of X is weakly equivalent to the classification space Bπ 1 pXq of its fundamental group. This is the case e.g. for X{K any smooth curve except for rational projective curves (see [Sch96] Prop. 15). In this Kpπ, 1q-case, a homotopy rational point is equivalent (up to inner automorphisms) to a section of (the quotient map in) the exact sequence Proposition C. Let X{k be a geometrically connected smooth projective curve of genus ě 2 over a p-adic field k together with a regular, proper, flat model X{O satisfying the assumptions of Thm. A. Then for any ℓ ‰ p and any section s of π 1 pX{kq, the induced ℓ-adic cycle class cl s admits a canonical lift cl X s to H 2 pX, Z ℓ p1qq.
Notation. In the following, k always denotes a p-adic field with valuation ring o and residue field F. If K is any field, we denote a fixed separable closure by K s and the corresponding absolute Galois group by G K . Denote the maximal unramified subextension of k s {k by k nr {k. For X a K-resp. k-variety, denote its base-change to K s resp. k nr by X s resp. X nr . Denote byŜ p˚q the category of (pointed) simplicial profinite sets together with the model structures of [Qui08] . For X a scheme together with a geometric pointx, π 1 pX,xq denotes its profiniteétale fundamental group. Mostly we will skip the base-point in our notation. Denote by x EtpXq its profiniteétale homotopy type inŜ p˚q . For a diagram Y 1 Ð Y Ñ Y 2 of simplicial (profinite) sets, we write Y 1 _ Y Y 2 for the homotopy pushout. For a simplicial profinite set Y with torsion local system Λ, write C ‚ pY, Λq for its cohomology cochains (see [Qui08] Sect. 2.2). If Y is the homotopy type x EtpXq of a scheme X, then C ‚ p x EtpXq, Λq is quasi-isomorphic to RΓpXé t , Λq (see [Qui08] Sect. 3.1). If Y is the classification space BG of a profinite group G, then C ‚ pBG, Λq is quasi-isomorphic to RΓpG, Λq. We will write just C ‚ pX, Λq resp. C ‚ pG, Λq in these cases. Similarly, we will just write C ‚ pX b k k 1 , Λq for the G-equivariant cochains C ‚ p x EtpXqˆB G EG, Λq for K 1 {K a Galois extension with group G and X{K a K-variety. Finally, we will always use continuousétale cohomology in the sense of [Jan88] .
Preliminaries: Homotopy rational points
Homotopical algebra. We will work in the following homotopy categories:
1.1 LetŜ be the category of simplicial profinite sets together with the model structures of [Qui08] . For G a profinite group, let BG be its profinite classification space andŜ Ó BG the category of simplicial profinite sets over BG together with the induced model structure. A simplicial profinite G-set is a simplicial profinite set together with a degreewise continuous G-action. LetŜ G be the resulting category together with the model structure of [Qui10] . By [Qui10] Cor. 2.11, HpŜ Ó BGq is Quillen equivalent to HpŜ G q via the base change functor X Þ Ñ XˆB G EG, where BG is the profinite classification space of G and EG Ñ BG the universal covering. Under this equivalence, maps BG Ñ X in HpŜ Ó BGq correspond to homotopy fixed points of XˆB G EG, i.e., maps pt » EG Ñ XˆB G EG in HpŜ G q.
1.2 Let X be a simplicial profinite G-set. The set of homotopy fixed points rEG, X sŜ G is the set of connected components of Quick's homotopy fixed point space X hG " S G pEG, X 1 q (where X Ñ X 1 is a fibrant replacement inŜ G ), defined and studied in [Qui10] . In general, X hG is difficult to describe. At least, by [Qui10] Thm. 2.16, there is a Bousfield-Kan type descent spectral sequence (with differentials in the usual "cohomological" directions)
2 " H p pG, π´qpXñ π´p p`qq pX hG q.
(1.1)
Applying Bousfield and Kan's connectivity lemma [BK72] Ch. IX 5.1 to the spectral sequence in 1.2, one can prove:
1.3 Lemma. Let G be a profinite group of cohomological dimension ď n and f : X Ñ Y an pn`1q-equivalence inŜ G (i.e., π q pf q is an isomorphism for all q ď n and an epimorphism for q " n`1). Then f induces an injection rEG, X sŜ G " π 0 pX hG q / / π 0 pY hG q " rEG, YsŜ
Proof. We may assume that Y is fibrant and f is a fibration inŜ G . Further, we may assume that X hG is non-empty. Say, s : EΓ Ñ X is a model of a homotopy fixed point and let r be f˝s. The fibre F s :" XˆY EG comes equipped with a fibration into EG, hence is fibrant in S G , too. Taking limits (i.e., forgetting the topology in [Qui10] ) resp. simplicial mapping spaces S Γ pEG,´q ofŜ G gives us a homotopy fibre sequence
in SSets˚(pointed by the neutral element in G). By [Qui13] Lem. 2.9, the limit of f is an n-equivalence of simplicial sets. So, again by loc. cit., the first fibre sequence implies the nconnectedness of F s . Using the second homotopy fibre sequence, we get that the map of pointed sets pπ 0 pX hG q, sq Ñ pπ 0 pY hG q, rq has kernel π 0 pF hG s q. Bousfield and Kan's connectivity lemma applied to the descent spectral sequence (1.1) for F s implies that this kernel is trivial, since F s is n-connected and G has cohomological dimension ď n. Varying over all the homotopy fixed points of X , we get the result. l 1.4 Let p : π ։ G be an epimorphism of profinite groups with kernelπ ✂ π. By the adjunction between the profinite groupoid Πp´q and Bp´q, Bπ{BG is fibrant inŜ Ó BG. Thus, rBG, BπsŜ ÓBG is given as HomŜ ÓBG pBG, Bπq modulo homotopy equivalences over BG with respect to the standard cylinder object BG b ∆ 1 . Such homotopies between maps Bps 0 q and Bps 1 q for sections s i of p correspond precisely to conjugation of these sections via elements of π. In particular, Bp´q resp. π 1 p´,˚q give canonical identifications between rBG, BπsŜ ÓBG and the set ofπ-conjugacy classes of section of p.
1.5 Let X {BG be a connected simplicial profinite set inŜ Ó BG and assume π 1 pX q Ñ G is an epimorphism. Then any map BG Ñ X in HpŜ Ó BGq defines a π 1 pXˆB G EGq-conjugacy class of splittings of the fundamental group sequence
of X {BG. Conversely, if the underlying simplicial profinite set X of X {BG is a Kpπ, 1q (i.e., the canonical map X Ñ BΠpX q into the classification space of the profinite fundamental groupoid is a weak equivalence), it follows from 1.4 that sections of the above fundamental group sequence of X {BG modulo conjugation correspond to maps BG Ñ X in HpŜ Ó BGq.
Combining 1.5 with Lem. 1.3, we get: Proof. Indeed, the canonical map XˆB G EG Ñ BΠpXˆB G EGq is a 2-equivalence, so it induces an injection on the respective sets of homotopy fixed points by Lem. 1.3. Since it admits a section, the induced map on homotopy fixed points is even bijective and the claim follows from 1.5. l
Homotopy rational points. We are mainly interested in profinite homotopy types of varieties over a field K:
1.7 Let Z be a K-variety. The profiniteétale homotopy type of the spectrum of K (pointed by the choice of a separable closure K s {K) is a Kpπ, 1q with fundamental group G K , i.e., it is weakly equivalent to the profinite classification space BG K in the pointed categoryŜ˚. We define the profinite homotopy type x EtpZ{Kq Ñ BG K of Z{K as the resulting map inŜ Ó BG K induced by the structural map of Z{K. Using [Qui10] Thm. 3.5 and Lem. 3.3, we see that the underlying homotopy type of x EtpZ{KqˆB G K EG K together with its abstract G K -action corresponds to the homotopy type x EtpK b K K s q together with the induced abstract G K -action. Similar arguments work for any Galois extension K 1 {K and Z b K K 1 , too.
EtpZ{Kq in HpŜ Ó BG K q, i.e., a homotopy fixed point of x EtpZ{KqˆB G K EG K . Thus, for any simplicial profinite set X {BG K , we call any map BG K Ñ X in HpŜ Ó BG K q a homotopy rational point of X over K. A homotopy rational point of Z{K simply is a homotopy rational point of x EtpZ{Kq.
1.9 Let Z{K be a geometrically connected K-variety. Then any homotopy rational point of Z{K gives a conjugacy class of splittings of the fundamental group sequence π 1 pZ{Kq. Conversely, assume Z has the Kpπ, 1q-property, i.e., itsétale cohomology of constructible locally constant coefficients is given by the cohomology of its finiteétale site. It follows that x EtpZ{Kq is a Kpπ, 1q-space in the above sense. By 1.5, we get a canonical identification between the set of π 1 pZ b K K s q-conjugacy classes of the fundamental group sequence π 1 pX{Kq and homotopy rational resp. homotopy fixed points of Z{K (cf. [Qui10] Sect. 3.2). By [Sti02] Prop. A.4.1, this in particular is the case for Z any smooth curve over K except for Brauer-Severi curves.
1.10 Lemma. Let Z be a non-empty irreducible K-variety. Then the canonical map
is trivial in the following two situations:
(ii) If K has characteristic 0 and Z is A 1 -chain connected (i.e., for any two K-rational points z 1 , z 2 , there are finitely many K-morphisms u i : A 1 K Ñ Z, 1 ď i ď n with u 1 p0q " z 1 , u n p1q " z 2 and u i p1q " u i`1 p0q).
Proof. To prove (i), it is enough to show that π 0 pp x EtpZ{KqˆB Γ K EΓ K q hΓ K q is trivial. But this follows from Bousfield and Kan's connectivity lemma applied to the descent spectral sequence (1.1) for x EtpZ{KqˆB Γ K EΓ K : cdpKq ď n and
Geometric pro-ℓ completions. Let us shortly discuss pro-ℓ-completion in HpŜ G q for a strongly complete profinite group G.
1.11
In [Qui12] , Quick gave an explicit construction of a pro-finite completion inŜ G . An analogue construction gives a pro-ℓ-completion inŜ G , too (see loc. cit. Rem. 3.3). Let us shortly describe this construction: By loc. cit. 4.3, any profinite G-space X is isomorphic to a profinite G-space of the form tX i u iPI for X i a finite discrete G-space. Then the pro-ℓ-completion is given as the profinite G-space Xl :" tWΓ ℓ pX i qu iPI , whereW p´q is (levelwise) the classification space andΓ ℓ pX i q is degreewise the pro-ℓ completion of the free loop group ΓpX i q of X i . Arguing directly using the (levelwise) homotopy fibre sequenceΓ
or comparing Xl with the fibrant replacement in Morel's pro-ℓ model structure in [Mor96] (see Sect. 2.1 in loc. cit.), we get that π 1 pXl q equals the pro-ℓ completion π ℓ 1 pX q, Xl has pro-ℓ profinite homotopy groups and the canonical map X Ñ Xl induces an isomorphism in D`pMod G q on cohomology cochains C ‚ p´, Λq for any finite ℓ-torsion G-module Λ. For X {BG inŜ Ó BG, denote by Xp ℓq {BG the homotopy type in HpŜ Ó BGq corresponding to the pro-ℓ completion pXˆB G EGql in HpŜ G q.
If G itself is not a pro-ℓ group, Xp ℓq {BG corresponds to a "geometric" pro-ℓ completion in the relative homotopy category HpŜ Ó BGq. Let us discuss the case of Bπ Ñ BG for suitable π ։ G:
1.12 Let p : π ։ G be an epimorphism of profinite groups with kernelπ ✂ π. Assumeπ is an ℓ-good profinite group, i.e., the pro-ℓ completion mapπ Ñπ ℓ induces isomorphisms H q pπ, Λq » H q pπ ℓ , Λq for all finite ℓ-torsionπ ℓ -modules Λ and all these cohomology groups are finite. Let ∆ ℓ ✂ cπ be the kernel of the pro-ℓ completion ofπ. Note that it is a characteristic subgroup by the universal property of the completion. Then we define the geometric pro-ℓ completion of π Ñ G asπ pℓq :" π{∆ ℓ Ñ G. By construction, the geometric pro-ℓ completion π ։π pℓq sits in the following commutative diagram with exact rows
It follows that Bπ pℓqˆBG EG Ñ pBπ pℓqˆBG EGql is a weak equivalence inŜ G (this is a special case of the pro-ℓ analogue of [Qui12] Thm. 3.14). Further, the canonical Map π ։π pℓq induces an isomorphism pBπˆB G EGql Ñ Bπ pℓqˆBG EG. In particular, pBπqp ℓq " Bpπ pℓq q.
For fundamental groups of geometrically connected K-varieties we define:
1.13 Let Z{K be a geometrically connected K-variety. Then we write π ℓ 1 pZq resp. π pℓq 1 pZq for the pro-ℓ resp. geometric pro-ℓ completion of theétale fundamental group π 1 pZq in the sense of 1.12. Denote by π pℓq 1 pZ{Fq the geometrically pro-ℓ completed fundamental group sequence sequence
Say G K is strongly complete (e.g., K a finite or p-adic field). Then π pℓq 1 pZq is the fundamental group of the geometric pro-ℓ completion x EtpZ{Kqp ℓq .
Theétale homotopy type of a curve
Theétale homotopy type of a curve We want to discuss the theétale homotopy type of a curve Z over a field K.
2.1
Recall that for Z a reduced K-variety, its semi-resp. weak-normalization π sn : Z sn Ñ Z resp. π wn : Z wn Ñ Z is universal among factorizations f : Z 1 Ñ Z of the normalization π :Z Ñ Z with f birational, bijective on points and inducing trivial resp. purely inseparable extensions on the residue fields of all points (cf. [Kol96] Sect. I.7.2). In particular, for Z a curve over a perfect field, the semi-and weak-normalization coincide. Further, the curve Z itself is semi-normal (i.e., agrees with its semi-normalization), if and only if geometrically it has at most ordinary multiple points as singularities (use [Kol96] Sect. I 7.2.2.1).
2.2 Let Z be a reduced curve over K and assume either Z to be semi-normal or K to be perfect. Denote by ΓpZq the following bipartite graph: The two sets of nodes are the irreducible components resp. the singular points of Z sn and a node corresponding to a component Z i is joined to a node corresponding to a singularity z by multiplicity-of-z-in-Z i -many edges. Let Γ.pZq inŜ be the profinite completion of the canonical realization of ΓpZq as a simplicial set. We will call both ΓpZq and Γ.pZq the dual-(bipartite)graph of Z. Obviously, Γ.pZq has the homotopy type of the profinite completion of a bouquet of S 1 's, i.e., is isomorphic to BF r for F r the free profinite group of r generators and r the number of loops in ΓpZq. If Z is even semi-stable, then ΓpZq is just the barycentric subdivision of the regular dual-graph of the semi-stable curve Z. It follows from the universal property of weak-normalization (see [AB69] Thm. 4) that weak-normalization, hence the dual-graph Γ.pZq, is functorial with respect to non-constant finite morphisms.
2.3
Suppose moreover all points in the normalizationZ lying above a singular point z of Z are kpzq-rational. Denote by Σ.pzq the star in Γ.pZq of a node corresponding to the singular point z and by Z˚theétale homotopy type of the normalizationZ glued to š z BG kpzq b Σ.pzq via the points above the singular points z of Z. Contracting all the stars Σ.pzq, we get a canonical factorization of the homotopy type of the normalization π over the canonical morphism Z˚Ñ x EtpZ{Kq, functorial with respect to non-constant finite morphisms. (ii) If K is separably closed, then
holds (functorially in non-constant finite morphisms) in the homotopy category HpŜq.
(iii) Suppose K has characteristic 0 or cohomological dimension ď 1 and all points in the normalization π :Z Ñ Z lying above singular points of Z contained in rational projective components are K-rational. Then for each rational componentZ i there is a section
2.5 Remark. If one works with pro-simplicial sets together with Isaksen's model structure (see [Isa01] ), the proof below for Thm. 2.4 (i), for (ii) and for the characteristic 0 case of (iii) still goes through without profinite completion. For the remaining case of (iii) an analogue of Lem. 1.10 (i) is needed, e.g. an adequate analogue of the Quillen equivalence HpŜ Ó BΓq » HpŜ Γ q in [Qui10] 2.11 and for the descent spectral sequence of loc. cit. Thm. 2.16.
2.6 Remark. Let f : Z 1 Ñ Z be a finite non-constant morphism of curves as in Thm. 2.4 (iii). Suppose that there is no non-rational projective componentZ 1 j of Z 1 lying over a rational projective componentZ i of Z. Then the proof of Thm. 2.4 will show that f is compatible with
for compatible choices of the x i and s i . If there is a non-rational componentZ 1 j over a rational projective oneZ i , then this is no longer true: E.g. H 2 pZ i q Ñ H 2 pZ 1 j q is invisible for Bπ 1 pf q. 2.7 Remark. For S a Z-scheme and z a closed point of Z we just write S h z resp. S ‚ for the henselization SˆZ SpecpO h Z,z q resp. for the punctured scheme SˆZ Zztzu. Before giving the proof of Thm. 2.4, let us first recall that the (punctured)étale tubular neighbourhood satisfies
We work with Cox's model for the (punctured) tubular neighbourhood in ProHpSSets ‚ q (see [Cox78] ). The non-punctured case is covered by loc. cit. Thm. 2.2. For the punctured case, use
where pU, uq runs through the strictétale neighbourhoods of z and t Ho U,u is the opposite category of the homotopy category of the full subcategory t U,u of degreewise Noetherian and separated simplicial objects V. in Ué t s.t. u˚V. is a hypercover of kpuq (" kpzq). We have to compare π 0 , π 1 and cohomology of the respective homotopy types. Arguing degreewise and using the descriptions of these homotopy invariants in [Fri82] Ch. 5 (together with the spectral sequence in loc. cit. Prop. 2.4), we may restrict to simplicial schemes of the form V. " cosk U m V. in t U,u for m " 0. After a possible refinement of pU, uq, such an object in t U,u can be refined to a simplicial object V. in the finiteétale site U fét . It follows that the canonical morphisms V n Ñ pcosk U n´1 V.q n are finiteétale. Since u˚V. is a hypercover of kpuq, these maps are surjective on connected components, i.e., surjective and V. is a hypercover of U . In particular, V. ‚ Ñ U ‚ is a hypercover and hence a weak equivalence. Summing up, we get
and hence the claim follows.
Proof of Thm. 2.4. Weak-normalization is a universal homeomorphism by [AB69] Thm. 4, i.e., we may assume that Z is semi-normal in the perfect case, as well. Factor the normalization into finitely many stepsZ
where in each step we resolve exactly one of the ordinary multiple points. Say in the pl`1q th step π plq : Z pl`1q Ñ Z plq the multiple point z plq and let z plq 1 , . . . , z plq r l be the r l distinct points of Z pl`1q over z plq . We get the homotopy pushout 
EtpZ{Kq is a weak equivalence (Z ‚ is no longer connected, but the proof goes through without any changes), where the (punctured) tubular neighbourhood T p‚q Z,z is weakly equivalent to theétale homotopy type of the (punctured) henselization Z h,p‚q z by Rem. 2.7 (and similar for Z 1 ). By prime avoidance, Z h,‚ z is affine of dimension 0 and hence discrete, where the distinct points are given by the function fields of the components Z i containing z. Summing up, we have
where the last statement is again [Fri82] Prop. 15.6 applied multiple times. Here we used that all points z i are kpzq-rational by assumption. We get x EtpZ 1 {Kq » x EtpZ 1,‚ {Kq_ p
i.e.π p0q is a weak equivalence, just as claimed. If we put all the single stepsπ plq together, we get a weak equivalence inŜ Ó BG K between theétale homotopy types of Z and of its normalizatioñ Z with z plq 0 , . . . , z plq r k joined together as the ends of rays of Σ.pz l q, i.e., between x EtpZ{Kq and Z˚. (ii): If K is separably closed, the assumptions of (ii) clearly are satisfied. Further, by Lem. 1.10 (i), we can move all the z pkq j 's on one componentZ i to a single K-point x i ofZ i . As a result, x EtpZ{Kq is weakly equivalent to the dual graph Γ.pZq with all the x EtpZ i {Kq glued via x i to the corresponding node of Γ.pZq. Since Γ.pZq is connected, we get the desired equivalence between x EtpZ{Kq and p Ž i x EtpZ i {qq _ Γ.pZq. (iii): First, note we may assume that Z itself is non-rational. Since Z is connected, each rational projective componentZ i contains a rational point, i.e., is isomorphic to P 1 K . Let Z 1 ãÑ Z be the closed subscheme given by the union of components Z i for i R R and let Z 2 Ñ Z 1 be the normalization at all singular points of Z contained in rational projective components. By assumption, all points of Z 2 over such singular points are K-rational. The cohomology resp. group-cohomology in degrees ě 1 of one point unions resp. free products is the direct sum of the cohomology of the factors. As a bouquet of S 1 's, Γ.pZ 2 q is a Kpπ, 1q. Since theZ i are Kpπ, 1q for every i R R, too (see [Sti02] Prop. A.4.1), Z 2,s is a Kpπ, 1q. Hence the same is true for Z 2 itself. Arguing as in (i), we get that x EtpZ{Kq is weakly equivalent to theétale homotopy type of Z 2 > š iPRZ i glued together via the stars BG K b Σ.pzq corresponding to singular points z in Z contained in rational projective components (cf. the construction of Z˚in 2.3). Denote the latter homotopy type by ZR, i.e., we have a weak equivalence ZR Ñ x EtpZ{Kq. Let Z Kpπ,1q be the homotopy type we get from ZR by contracting theétale homotopy types of the rational projective componentsZ i to BG K for each i P R individually. It follows from the above discussion, that Z Kpπ,1q is a Kpπ, 1q-space, weakly equivalent to Bπ 1 pZq.
By Lem. 1.10 we can move all the z plq j 's on one rational projective componentZ i to a single
EtpZ i {Kqq are weakly equivalent via the K-points x i and gluing-morphisms BG K Ñ Z Kpπ,1q induced by the contracted components in Z Kpπ,1q . This translates to our claim, if we let s i be the sections of π 1 pZ{Kq corresponding to these gluing morphisms under the weak equivalence Z Kpπ,1q » Bπ 1 pZq. 
(iv) Moreover, suppose K has cohomological dimension ď 1. Then the higher cohomology groups (q " 2, 3) are given by
2.9 Remark. Using [Sti06] Ex. 5.5, we get the statement corresponding to (iii) for theétale fundamental group of Z a semi-stable curve.
Proof of Cor. 2.8. To prove (i) it suffices to see that Z b K K s is a Kpπ, 1q, i.e., we may assume that K is separably closed. The cohomology resp. group-cohomology in degrees ě 1 of one point unions resp. free products is the direct sum of the cohomology of the factors. As a bouquet of S 1 's, Γ.pZq is a Kpπ, 1q. Thus, (i) follows from Thm. 2.4 (ii). The first statement of (ii) is again a direct consequence of Thm. 2.4 (ii). For the second statement we argue as in (i) using that pro-ℓ completion preserves free products. For Z Kpπ,1q » Bπ 1 pZq as in the proof of Thm. 2.4 (iii), loc. cit. gives the homotopy cofibre sequence 1 pZ 1 q Ñ π ℓ 1 pZq is an isomorphism, which settles the second claim. In case X is affine, it is a Kpπ, 1q-space of cohomological dimension ď 1 with ℓ-good fundamental group. In particular, π ℓ 1 pZq has cohomological dimension ď 1, i.e., is free (see e.g. [NSW08] Prop. 3.5.17). l
Kpπ, 1q-models of p-adic curves Let X be a geometrically connected smooth projective curve over the p-adic field k admitting a section s of π 1 pX{kq. In particular, X is a Kpπ, 1q-space. We want to modify X and s until X admits a proper flat model η : X ãÑ X over o that is a Kpπ, 1q-space, too. 
Specialized sections and homotopy rational points
Specialized homotopy rational points. Fix a geometrically connected smooth projective curve X over k of genus ě 2 and a proper flat model η : X ãÑ X over o with reduced special fibre Y " pXb o Fq red . Say, π 1 pX{kq admits a section s (i.e., a homotopy rational point s : BG k Ñ X), unramified with respect to η, i.e., with trivial ramification map
This is equivalent to s specializing to a sections of π 1 pY {Fq, compatible via the specialization maps.
Combining proper base change with [SGA71] Exp. X Thm. 2.1, we get a specialization map sp : x EtpX{kq Ñ x EtpY {Fq ofétale homotopy types in HpŜ Ó BG F q. Unfortunately, as soon as Y admits rational components, it is no longer a Kpπ, 1q-space. So sections of π 1 pY {Fq (compatible with section of π 1 pX{kq) do no longer a priori correspond to homotopy rational points BG F Ñ x EtpY {Fq over F (compatible with homotopy rational points of X over k via sp). E.g., it is no longer clear ifs induces a map on cohomology (compatible with s). Thus, we define: A candidate for a specialized homotopy rational point. Suppose all points of the normalizationỸ over singular points of Y contained in rational components are F-rational. This is always true after an unramified base extension k 1 {k. Note that the section s b k k 1 of X b k k 1 induced by an unramified section s is still unramified. If Y admits rational components, it is no longer a Kpπ, 1q. Thus, a priori the homotopy rational points of x EtpY {Fq might no longer correspond to sections of π 1 pY {Fq modulo conjugation. However, such a canonical correspondence still holds for Y {F or more generally for any curve Z{K as in Thm. 2.4 (iii) and K of cohomological dimension ď 1. Indeed, this is just Cor. 1.6, where a section of x EtpZ{Kq Ñ Bπ 1 pZq is provided by Thm. 2.4 (iii):
3.3 Corollary. Let Z{K be a curve as in Thm. 2.4 (iii) for K of cohomological dimension ď 1. Then there is a canonical one-to-one correspondence between sections of π 1 pZ{Kq modulo conjugation and homotopy rational points rBG K , x EtpZ{KqsŜ ÓBG K of Z.
3.4 Remark. Thus, for a specialized sections there is at least a unique candidate for a specialized homotopy rational point. In abuse of notation, we will denote it bys, as well. Although the compatibility with the specialization maps of homotopy types is unclear for non-Kpπ, 1q-models, we will show that, as a homotopy rational point, s specializes tos in cohomological settings in Thm. 4.1, below.
Geometric pro-ℓ completion and specialization. At least, sections always specializes to sections of the geometric pro-ℓ completed fundamental group sequence π pℓq pY {Fq: Comparing the respective Hochschild-Serre spectral sequences, we get that π 1 pY q Ñ π pℓq 1 pY q induces an isomorphism on cohomology with continuous finite Z ℓ rG F s-module coefficients. Luckily, the same is true for x EtpY {Fq Ñ Y pℓq :
Proof. x EtpY {FqˆB G F EG F Ñ p x EtpY {FqˆB G F EG F ql induces an isomorphism on cohomology cochains C ‚ p´, Λq in D`pMod G F q (see 1.11). Thus, it induces an isomorphism between the respective Hochschild-Serre spectral sequences. l 3.9 Remark. As an alternative to the construction of Y pℓq , we might also work with the following explicit "quasi pro-ℓ completion" Y Proof. Using Lem. 3.5, we get the commutative diagram on cohomology
Since F has cohomological dimension 1, H 2 pG F , Z ℓ p1qq is trivial. Thus, Prop. 3.10 would follow if all horizontal leftward maps were isomorphisms (i.e., if Y is a Kpπ, 1q-space) and if rLs lied in the image of η˚. To guarantee this, note that we may replace rLs by a multiple rL bn s and enlarge the base field k by any finite extension k 1 {k: Indeed, H 2 pG k , Z ℓ p1qq " Z ℓ is torsion free, so a non-zero class s˚ĉ 1 rLs would stay non-trivial after multiplication by n resp. base extension to k 1 . It is clear that we might replace the pair pX, sq by a neighbourhood pX 1 , s 1 q. Thus, by Lem. 2.11, we might indeed assume that Y is a Kpπ, 1q-space and X the stable model of X. As such, X has at most rational singularities (this follows from [Lip69] Thm. 27.1, use that we get X by contracting rational curves in the minimal regular model with self intersection´2). These are Q-factorial by loc. cit. §17, i.e., for suitable n " 0, the n-th multiple of the closure in X of the Weil-divisor corresponding to rLs is a Cartier-divisor and thus a pre-image for rL bn s under η˚. l 3.11 Remark. Let X be a regular (not necessarily Kpπ, 1q-) model, s.t. Y satisfies the assumptions of Thm. 2.4 (iii). It will turn out later that the homotopy rational point s "specializes in cohomological settings" to the homotopy rational points ℓ of Y pℓq given by Cor. 3.7 (see Cor. 4.9, below). Thus, Prop. 3.10 would follow directly from Lem. 3.8 and a diagram chase in (3.2). Unfortunately, we don't know how to prove Cor. 4.9 without using Prop. 3.10 itself.
3.12 Remark. Let f : X Ñ P N k be a non-constant k-morphism, L " f˚Op1q and r " f˝s resp. r 8 the induced homotopy rational point of P N k {k resp. P 8 k {k -here we embed P N k into P 8 k via the first N`1 coordinate functions. The homotopy type of P 8 F represents H 2 p´,Ẑ pp 1 q p1qq in HpŜ Ó BG F q and the composition of r 8 with the specialization morphism of homotopy types x EtpP 8 k {kq Ñ x EtpP 8 F {Fq corresponds to the class s˚ĉ 1 rLs in H 2 pG k ,Ẑ pp 1 q p1qq. Since H 2 pG F ,Ẑ pp 1 q p1qq is trivial, Prop. 3.10 implies that the homotopy rational point r 8 specializes to the unique homotopy rational point of P 8 F . The condition that s˚ĉ 1 rLs (or more generally r˚ĉ 1 rMs for r a homotopy rational point of a Brauer-Severi variety over k and M a non-trivial line bundle) is trivial even in H 2 pG k ,Ẑp1qq implies that r is homotopic to a rational point of P N k (see [Sch15] Thm. 4.3). 3.13 Remark. Suppose s trivializesĉ 1 even in H 2 pG k ,Ẑp1qq. By Tate-Lichtenbaum duality, this is equivalent to the algebraicity of the cycle class cl s . In particular, X admits an algebraic cycle of degree 1 in this case. In this sense, such a section s satisfies a linearized form of the p-adic weak section conjecture (which clearly is predicted by the p-adic weak section conjecture). By Roquette-Lichtenbaum, this is equivalent to the triviality of the relative Brauer group BrpX{kq. For a general section s, Prop. B implies that BrpX{kq is a p-group, which was first proved by Stix (see [Sti10] Thm. 15) using different methods and including even the genus 1 case.
Specialized sections and cohomology
Specialized homotopy rational points in cohomological settings. Fix a geometrically connected smooth projective curve X over k of genus ě 2 admitting a section s unramified with respect to the regular proper flat model η : X ãÑ X over o with reduced special fibre Y " pXb o Fq red . Again, we assume that all points ofỸ lying over singular points of Y contained in rational components are F-rational. Then s specializes in cohomological settings (the proof will show more generally: in "sufficiently additive settings") to the homotopy rational points of Y {F given by Cor. 
To prove Thm. 4.1 we try to work out what the obstruction for the commutativity could be:
EtpỸ i {Fqq holds in HpŜ Ó G F q for any F-points y i ofỸ i -P 1 F . Contracting the Kpπ, 1q-part Bπ 1 pY q inŜ Ó G F gives a homotopy co-cartesian square
The section s together with sp and the "projection" p induces a morphism
in HpŜ Ó BG F q. Assume that it factors as the canonical morphism to BG F followed by the distinguished point˚:
on cochains: Indeed, k and F have cohomological dimension ď 2 and
EtpỸ i {Fq, y i q, Λq, since the rational components geometrically have cohomological dimension 2. It follows that
extents to a morphism of the exact triangle (4.1) to the trivial triangle
In particular, C ‚ pY, Λq Ñ C ‚ pG k , Λq factors through ι˚. Since ι˚is a retraction of the canonical morphism C ‚ pπ 1 pY q, Λq Ñ C ‚ pY, Λq, the resulting morphism C ‚ pπ 1 pY q, Λq Ñ C ‚ pG k , Λq is just the morphism given by the original section s and sp on fundamental groups. Combining this with the compatibility of s with the specialized sections, we get the commutative diagram
where the "outer" commutative square is the square induced by (3.1). Of course, the same arguments work in the G F -equivariant setting, as well.
Let us sum up 4.2: To prove Thm. 4.1, it is enough to show that the composed morphism (4.2) factors in HpŜ Ó BG F q as the canonical morphism to BG F followed by the "distinguished point"˚:
This problem can be translated into the vanishing of a certain cohomology class:
4.3 Under the Quillen-equivalence of HpŜ Ó BG F q and HpŜ G F q, cosk 3 Ž iPR BG F p x EtpỸ i {Fq, y i q corresponds to a Kp À iPRẐ pp 1 q p1q, 2q:Ỹ i is isomorphic to P 1 F , hence geometrically simply connected and P 1 F b F F s has cohomological-p-dimension ď 1 (in fact " 0) as projective curve over a separably closed field of characteristic p. Denote by α i the i th -summand in H 2 pX,Ẑp1q pp 1of the class corresponding to α in the composition (4.2). Since G F has cohomological dimension 1, our factorization problem translates to the question whether s˚α i is trivial in H 2 pG k ,Ẑp1q pp 1. As prime-to-p Tate module of the Brauer group, H 2 pG k ,Ẑp1q pp 1is canonically isomorphic toẐ pp 1 q and it remains to show that s˚α i vanishes in H 2 pG k , Q ℓ p1qq for all i P R and ℓ ‰ p.
We want to have a better understanding where the classes α i come from:
4.4 As a morphism in HpŜ Ó BG F q, α i in H 2 pX,Ẑp1q pp 1is given as the 3-coskeleton of the composition
where the last morphism is given by contracting all x EtpỸ j {Fq for j ‰ i to BG F . Let β i be the class in H 2 pY,Ẑ pp 1 q p1qq (resp. in H 2 pY, Q ℓ p1qq) given by the morphism x EtpY {Fq Ñ x EtpỸ i {Fq in between composed with x EtpỸ i {Fq Ñ cosk 3 x EtpỸ i {Fq, i.e., α i " sp˚β i . Since cosk 3 x EtpỸ i {Fq represents H 2 p´,Ẑ pp 1 q p1qq and cosk 3 does not change H 2 , β i in H 2 pY, Q ℓ p1qq is given as the image of 1 in H 2 pỸ i , Q ℓ p1qq " Q ℓ under the morphism x EtpY {Fq Ñ x EtpỸ i {Fq in the composition (4.3).
4.5 Remark. Note that the vanishing of s˚α i in fact is necessary: In order for Thm. 4.1 to hold, it is necessary for the class s˚α i to vanish in H 2 pG k , Q ℓ p1qq: By the usual arguments, H 2 pG k , Z ℓ p1qq and H 2 pX, Z ℓ p1qq are given as the limits over the corresponding cohomology groups with coefficients µ ℓ n . Since α i " sp˚β i hold by 4.4 and F has cohomological dimension 1, the triviality of s˚α i would follow from Thm. 4.1.
We want to give a slightly different characterization of the class β i than the one in 4.4:
4.6 As in the proof of Thm. 2.4 (iii), let Y 1 ãÑ Y be the union of components Y j for j R R, Y 2 Ñ Y 1 the normalization at all singular points of Y contained in rational components and YR the homotopy type we get from joining x EtpY 2 {Fq to the homotopy types of the remaining rational componentsỸ j via the stars of the corresponding singularities. Recall that the projection x EtpY {Fq Ñ x EtpỸ i {Fq is given by x EtpY {Fq » YR, then moving all points inỸ j over singular points on Y to one F-rational point y j for each j P R, then contracting the Kpπ, 1q-part Bπ 1 pY q and finally contracting the other rational components x EtpỸ j {Fq for j ‰ i. We could as well contract the rational componentsỸ j for j ‰ i and Y 2 in YR first, then moving all points z 1 , . . . , z t inỸ i over singular points on Y to y i to get x EtpỸ i {Fq _ y i pBG F bΓ.piqq for a certain contraction Γ.pY q ։Γ.piq of the dual graph and then contract the graphΓ.piq to get the same morphism YR Ñ x EtpỸ i {Fq. We get the homotopy pushout
after the first step, where Γ.piq is constructed in the same way asΓ.piq but without gluing together the rays of stars corresponding to singularities of Y in Y i and ending in the node corresponding to Y i and where we glue the remaining "open" ends of BG F b Γ.piq to the corresponding points z 1 , . . . , z t inỸ i . By Lem. 1.10, Y piq and x EtpỸ i {Fq _ y i pBG F bΓ.piqq are weakly equivalent inŜ Ó BG F . Further, contracting the graphΓ.piq induces an isomorphism H 2 pỸ i , Q ℓ p1qq Ñ H 2 p x EtpỸ i {Fq _ y i pBG F bΓ.piqq, Q ℓ p1qq: The target is isomorphic to H 2 pỸ i , Q ℓ p1qq'H 2 pBG F bΓ.piq, Q ℓ p1qq, since the co-cartesian square of x EtpỸ i {Fq_ y i pBG F bΓ.piqq is even homotopy co-cartesian and F has cohomological dimension 1. For m prime to p we find H 2 pBG F bΓ.piq, µ m q " pFˆ{pFˆq m q 'r for r the number of loops in ΓpY q using the HochschildSerre spectral sequence. Hence, H 2 pBG F bΓ.piq, Z ℓ p1qq is torsion. Summing up, we get the class β i in H 2 pY, Q ℓ p1qq as the image of 1 under the map
Having made all these preparations, we get Thm. 4.1 as a consequence of Prop. 3.10:
Proof of Thm. 4.1. For each rational componentỸ i ofỸ , choose a closed point x i of X whose specialization lies in the component Y i outside the singular locus of Y and ‰ y i . We claim that β generates the same Q ℓ -subspace in H 2 pX, Q ℓ p1qq than the Chern classĉ 1 rO X pD i qs for D i " D the divisor we get as the closure of x i in X: By Lem. 
Observe that Y 2 and all the rational componentsỸ j for j ‰ i we contracted in Y piq resp. Y piq,‚ factor through Y ‚,R , so the lower right vertical morphism is a weak equivalence.
It follows that the canonical morphism
e., the (non-trivial) cycle class map H 2 D pX, Q ℓ p1qq Ñ H 2 pX, Q ℓ p1qq factors through (4.4), whose image is generated by β i . Now η˚ĉ 1 rO X pD i qs "ĉ 1 rO X px i qs lies in the kernel of s˚by Prop. 3.10. Thus, the same is true for α i and Thm. Proof. For m prime to p take the (non-canonically given) morphism of exact triangles
where the upper triangle computes H ‚ D pX, µ m q by [Fri82] Cor. 14.5 and Prop. 14.6 and the lower triangle is given by the homotopy co-cartesian square 
in the category of profinite groups resp. D`pAbq resp. D`pMod G F q for Λ any continuous finite Z ℓ rG F s-module. l Application: A canonical lift of cl s . In [EW09] Rem. 3.7 (iii) Esnault and Wittenberg raised the question whether the ℓ-adic cycle class cl s of a section s of π 1 pX{kq admits a canonical lift to H 2 pX, Z ℓ p1qq. This is predicted by the p-adic section conjecture: If s comes from a rational point x, cl s is given by the Chern class of the corresponding divisor D " x and the Chern class of its closure is a canonical lift. As an application of Cor. 4.9, we will sketch the construction of a canonical lift of cl s to H 2 pX, Z ℓ p1qq for X{o a regular, proper, flat model s.t. the reduced special fibre satisfies the assumptions of Thm. 2.4 (iii). First, let us shortly recall the definition of the cycle class cl s :
4.10 Remark. Let X s Ñ X be the universal neighbourhood of the section s and ∆ X the diagonal in Xˆk X. Then H 2 pX, µ ℓ n q is isomorphic to H 2 pXˆk X s , µ ℓ n q and cl s corresponds to the pullback ofĉ 1 r∆ X s along Xˆk X s Ñ Xˆk X. Since X is a Kpπ, 1q, X s Ñ X is weakly equivalent to s as a homotopy rational point. In particular, we get the pullback map as
Let us first provide a lift of the pullback map idX b L s˚, or more generally, of the analogue pullback map idŮ b L s˚: C ‚ pUˆk X, µ ℓ n q Ñ C ‚ pU, µ ℓ n q for an open subscheme U ãÑ X: 
Proof. Fromsl : C ‚ pX nr , Z{ℓ n q » C ‚ pY s , Z{ℓ n q Ñ C ‚ pEG F , Z{ℓ n q in D`pMod G F q as in Cor. 4.9, we get idŮb Lsl : C ‚ pU nr , µ ℓ n q b L C ‚ pX nr , Z{ℓ n q / / C ‚ pU nr , µ ℓ n q b L C ‚ pEG F , Z{ℓ n q » C ‚ pU nr , µ ℓ n q.
Taking G F -hypercohomology, we get a canonical pullback map C ‚ pUˆo X, µ ℓ n q Ñ C ‚ pU, µ ℓ n q. Consider the commutative diagram
The upper square is induced on G F -hypercohomology by the D`pMod G F q-square in Cor. 4.9 tensored with η˚: C ‚ pU nr , µ ℓ n q Ñ C ‚ pU nr , µ ℓ n q. The middle square is induced by G k ։ G F (use that an object is flat in Mod Z{ℓ n ZrΓs if and only if it is flat as a Z{ℓ n Z-module). Finally, the lower square is induced on G k -hypercohomology by the G k -equivariant coverings U s Ñ U nr resp. EG k Ñ BG kˆBG F EG F » BI k . It follows that the compositions of the left resp. right vertical maps are the maps on cohomology induced by the respective immersions of the generic fibres. l
To get a canonical lift of the ℓ-adic cycle class map cl s , we combine Gabber's Absolute Purity Theorem (see [Fuj02] ) with Lem. 4.11 applied to the open subscheme given by the punctured model X ‚ :" XzY Sing ãÑ X. Note that we can not work with the pullback map to X itself, since ∆ X is a Cartier-divisor on Xˆo X if and only if X{o is smooth. Proof. First, note that X ‚ still has generic fibre X. The diagonal ∆ X of Xˆo X is Cartier outside of the collection of points py, yq for y a singular point of Y . It follows, that ∆ X | X ‚ˆo X is a Cartier-divisor on X ‚ˆo X. By construction, its Chern-classĉ 1 rX ‚ˆo Xs is a lift of the Chern classĉ 1 r∆ X s of the diagonal. It follows by Lem. 4.11, that pidŮ b Lsl qpĉ 1 rX ‚ˆo Xsq is a canonical lift of cl s " pidŮ b L s˚qpĉ 1 r∆ X sq to H 2 pX ‚ , Z ℓ p1qq. But Y Sing ãÑ X is a closed immersion of regular schemes of pure codimension 2, so H 2 pX, Z ℓ p1qq Ñ H 2 pX ‚ , Z ℓ p1qq is an isomorphism by Gabber's Absolute Purity Theorem and we get a canonical lift cl X s of cl s to H 2 pX, Z ℓ p1qq. l
